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Abstract. Three dimensional time and energy operators are introduced and an un-
certainty relation between them is proved.
Recently, there appeared several papers that introduce three dimensional time in the
context of quantum mechanics (see, e.g., [1], [4]). The purposes of these papers are differ-
ent but have similarity in attempting to get better understanding of nature of time and
the related areas in physics. We here introduce a new definition of three dimensional time
as well as three dimensional energy with the purpose to shed light on the uncertainty rela-
tion that holds between them. We will see they are natural extensions of one dimensional
time and energy and the uncertainty principle between them holds in quite the same for-
malism as for the position and momentum operators in usual quantum mechanics unlike
the usually conceived derivation of the relation between time and energy.
We assume we are given a 3-dimensional coordinate x = (x1, x2, x3) of 3-dimensional
Euclidean space R3 and a corresponding 3-dimensional momentum operator p = (p1, p2, p3)
conjugate to x, i.e. we define
pj =
h¯
i
∂
∂xj
, j = 1, 2, 3, (1)
where h¯ = h/2pi, h being Planck constant. We note in the momentum representation xj
works as a differential operator:
FxjF
−1 = ih¯
∂
∂pj
. (2)
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Here F is the Fourier transformation defined by
Fg(p) = (2pih¯)−3/2
∫
R3
exp(−ip · x/h¯)g(x)dx,
where p · x =
∑
3
j=1 pjxj is the inner product of the vectors x and p. We assume we are
given a time parameter t that takes real values. We then define 3-dimensional time and
energy operators T = (t1, t2, t3) and E = (e1, e2, e3) for t 6= 0 by
tj = tpj |p|
−1, (3)
ej =
1
4t
(|p|xj + xj |p|), (4)
where
|p| =

 3∑
j=1
p2j


1/2
is the positive square root of a nonnegative operator
∑
3
j=1 p
2
j = −h¯
2∆x with ∆x being
Laplacian with respect to x. We note that these operators tj and ej initially defined on the
space D = F−1C∞
0
(R3 − {0}) can be extended to selfadjoint operators in L2(R3), where
C∞
0
(R3−{0}) is the space of C∞-functions with their supports compact in R3−{0} and
L2(R3) is the space of square integrable functions on R3. Clearly they have dimensions of
time and energy, respectively, and for ±t > 0, ±T = ±(t1, t2, t3) has the same direction
as momentum p and satisfies
±|T | = ±

 3∑
j=1
t2j


1/2
= t. (5)
In this sense our time operator is a modified version of that by Chen [1]. Further for
±t > 0, ±E = ±(e1, e2, e3) has almost the same direction as position x, and when x and
p denote position and momentum of a scattering particle with mass m whose evolution is
governed by a Hamiltonian H , we have
|E| exp(−itH)g =

 3∑
j=1
e2j


1/2
exp(−itH)g ∼
|p|2
2m
exp(−itH)g (6)
in L2(R3) asymptotically as t → ±∞ for a scattering state g ∈ L2(R3), since we have
xj/t ∼ pj/m on exp(−itH)g as t → ±∞ along some sequence tk → ±∞ (see [2] or [3],
Theorem 1). Thus these operators can be regarded as a 3-dimensional version of quantum
mechanical time and energy. (For a definition of quantum mechanical time of a system
with a finite number of particles, see [2], [3].)
Now our theorem is the following uncertainty relation between T and E.
Theorem. Let f ∈ D ⊂ L2(R3) with its L2-norm ‖f‖ = 〈f, f〉1/2 = 1, where
〈f, g〉 =
∫
R3
f(x)g(x)dx
2
is the inner product of L2(R3) with g(x) being the complex conjugate of g(x). Let
t˜j = 〈tjf, f〉, e˜j = 〈ejf, f〉,
T˜ = (t˜1, t˜2, t˜3), E˜ = (e˜1, e˜2, e˜3)
be the expectation values of these operators on the state f . Let the variances of T and
E be defined by
∆T = ‖(T − T˜ )f‖ =

 3∑
j=1
‖(tj − t˜j)f‖
2


1/2
,
∆E = ‖(E − E˜)f‖ =

 3∑
j=1
‖(ej − e˜j)f‖
2


1/2
.
Then we have the uncertainty relation:
∆T∆E ≥
h¯
2
. (7)
Proof. We note using Schwarz inequality
∆T∆E = ‖(T − T˜ )f‖‖(E − E˜)f‖
≥
∣∣∣∣∣∣
3∑
j=1
〈(tj − t˜j)f, (ej − e˜j)f〉
∣∣∣∣∣∣
=
∣∣∣∣∣∣
3∑
j=1
{〈tjf, ejf〉 − t˜j e˜j}
∣∣∣∣∣∣ .
Let Im z denote the imaginary part of a complex number z. Then noting t˜j and e˜j are
real numbers, we have
∆T∆E ≥
∣∣∣∣∣∣Im
3∑
j=1
{〈tjf, ejf〉 − t˜j e˜j}
∣∣∣∣∣∣ =
∣∣∣∣∣∣Im
3∑
j=1
〈tjf, ejf〉
∣∣∣∣∣∣ =
∣∣∣∣∣∣
3∑
j=1
1
2
〈[tj , ej]f, f〉
∣∣∣∣∣∣ . (8)
Here we compute
4[tj , ej]f = [pj|p|
−1, (|p|xj + xj |p|)]f
= ([pj, xj ] + |p|
−1pjxj |p| − |p|xjpj|p|
−1)f
= (i−1h¯ + |p|−1(i−1h¯+ xjpj)|p| − |p|xjpj|p|
−1)f
= (2i−1h¯+ |p|−1xjpj|p| − |p|xjpj|p|
−1)f.
Using equality (2) above we have
[xj , |p|] = ih¯pj |p|
−1. (9)
3
Thus
4[tj , ej ] = 2i
−1h¯+ |p|−1([xj , |p|] + |p|xj)pj + ([xj , |p|]− xj |p|)|p|
−1pj
= 2i−1h¯+ 2ih¯p2j |p|
−2.
Then
3∑
j=1
[tj , ej] = i
−1h¯.
From this, (8) and ‖f‖ = 1 we have
∆T∆E ≥
∣∣∣∣∣
1
2
h¯
i
∣∣∣∣∣ =
h¯
2
.
✷
References
[1] X. Chen, A new interpretation of quantum theory – Time as hidden variable,
http://xxx.lanl.gov/abs/quant-ph/9902037.
[2] H. Kitada, Theory of local times, Il Nuovo Cimento 109 B, N. 3 (1994), 281-302.
(http://xxx.lanl.gov/abs/astro-ph/9309051,
http://kims.ms.u-tokyo.ac.jp/time_I.tex).
[3] H. Kitada, Quantum Mechanics and Relativity — Their Unification by Local Time, in
“Spectral and Scattering Theory,” Edited by A.G.Ramm, Plenum Publishers, New
York, pp. 39-66, 1998. (http://xxx.lanl.gov/abs/gr-qc/9612043, http://kims.ms.u-
tokyo.ac.jp/ISAAC.tex, time_IV.tex).
[4] W. G. Tifft, Three-dimensional quantized time in cosmology, Astrophysics and Space
Science 244 (1996), 187-210.
4
